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Introduction

Progress over the last years:  Physical point simulations have become feasible

Advantage !
No chiral extrapolation needed,  i.e. one systematic error eliminated 

Problems

Numerically demanding!
need large volumes too

Signal-to-noise problem

SigniÞcant impact in correlation functions of multi-particle-states !
involving light pions

ChPT can be used to estimate this multi-particle-state contamination!
➥ Nucleon axial, scalar, tensor charge;  pdf momentsOB, Lattice 2017



N!  contamination in axial form factors of the nucleon

In the following: !
N!  contamination in axial form factors GA(Q2) and GP(Q2) of the nucleon

Expectations: N!  contamination is 

in GA(Q2) of same order as in gA = GA(0)

signiÞcantly larger in GP(Q2)

Calculational setup is the same as for N!  contamination in axial charge gA!

  ➔ OB, Phys. Rev. D 94 (2016) 054505



The axial form factors GA(Q2) and GP(Q2)

!N (p!)|Aa
µ (0)|N (p)" = øu(p!)

!
! µ ! 5GA (Q2) # i ! 5

Qµ

2M N
GP (Q2)

"
" a

2
u(p)

axial ff induced !
pseudo scalar ff

Momentum transfer Qµ = ( iE !p 0 � iE !p, ~q) ~q = ~p! � ~p ~p! = 0
euclidean space time chosen here

Matrix element of local isovector axial vector current
isospin symmetry assumed



Lattice determination

Compute 3-pt function

Ratio with 2-pt function

Consider asymptotically large time separations:   t, tÕ, t-tÕ ➝ "

Solve a linear system and extract the form factors

C3,A 3
µ
(!q, t, t!) =

!

!x, !y

ei !q!y ! "# !N# (!x, t )A3
µ (!y, t!)N " (0, 0)"

Rµ (!q, t, t!) =
C3,A 3

µ
(!q, t, t!)

C2(0, t)

!
C2(!q, t ! t !)
C2(0, t ! t !)

C2(!0, t)
C2(!q, t)

C2(!0, t !)
C2(!q, t!)

! k (!q) ! GA (Q2) , GP (Q2)

Standard procedure:

Axial vector current at tÕ!
Nucleon interpolating Þelds at t, 0!
Projector !

Rk (!q, t, t!) ! ! k (!q) =
i

!
2EN, !q(M N + EN, !q)

"
(M N + EN, !q)GA (Q2)"3k "

GP (Q2)
2M N

q3qk

#



Lattice determination

In practice: Þnite time separations t and tÕ

The effective form factors contain excited-state contributions and depend on t, tÕ

Dominant excited state for physical pion mass and large time separations:

2-particle N!  states 

Rk (!q, t, t!) ! Ge!
A (Q2, t, t !) , Ge!

P (Q2, t, t !)

Ge↵
A ,P (Q2, t, t0) = GA ,P (Q2)


1 + �GA ,P (Q2, t, t0)

�



ChPT including nucleons

SU(2) ChPT at LO!
isospin symmetry, euclidean space time 

Low energy constants at this order:  gA,  f,  MN,  M"   !
experimentally well-known

Also known: chiral expressions for 
axial vector current 

nucleon interpolating Þelds (local and smeared)

Gasser, Sainio, !varc 1988

gA axial charge f pion decay constant 

contains the three pions and the nucleon doublet  =
!

p
n

"

L (1)
int,1! =

igA

2f
 �µ�5�

a @µ⇡
a  nucleon-pion!

vertex
➞

Gasser, Sainio, !varc 1988, Fettes et al 2000

Nagata et al 2008;  Wein, Bruns, Hemmert, SchŠfer 2011;  OB 2015    



"!  contribution to the form factors

To do: Compute 2-pt and 3-pt functions and the ratio Rk in ChPT

Example: Feynman diagrams for the 3-pt function

Status:  Leading contribution in 1/MN-expansion computed!
Work in progress:  1/MN-correction 

a)

b) c) d)

e) f) g)

h) i) j)

k) l) m)

FIG. 1: Feynman diagrams for the three-point function. Squares represent the nucleon operator

at times t and 0. The diamond stands for the axial vector current at time t!. Circles represent a

vertex insertion at an intermediate space time point, and an integration over this point is implicitly

assumed. The solid and dashed lines represent nucleon and pion propagators, respectively.

Pluggin everything together we obtain

C3,a = igA2|!̃ |2e" Mt (31)

Obviuosly this is equal to igA times the LO result for the 2-pt function. Thus, taking the
ratio RLO = C3,LO/C 2,LO we finally find

RLO = igA . (32)

B. Nucleon-pion-state contributions

1. Generalities

The nucleon-pion contribution to the 3-pt function stems from the diagrams in figure 1.
These diagrams are obtained if two NLO parts of either the interpolating fields (fig. d) or
the axial vector current (figs. b and c) is used. In addition there are diagrams involving one
or two vertex insertions.

7

Loop diagrams:

Tree diagrams:

Note:  Tree diagrams are expected to give large N!  contribution!
         vanish for Q2 = 0  ➔  do not contribute to gA



"!  contribution to the form factors

Consider plateau estimates* for the form factors

ChPT requires t ≳ 2fm such that t and t-tÕ ≳ 1fm!
(Experience from nucleon charges and pdf moments) 

ChPT calculation in Þnite spatial volume, box length L, periodic BC!
➥  discrete momenta        and momentum transfer 

Gplat
A (Q2, t) = min

0<t! <t
Ge↵

A (Q2, t, t!)

Gplat
P (Q2, t) = max

0<t! <t
Ge↵

P (Q2, t, t !)

N!  contamination leads to overestimation in GA

N!  contamination leads to underestimation in GP

Comment: tÕ #  t /2.  Midpoint estimate is equally good

!qn Q2
n

* I have nothing to say about the summation method



        overestimates by #  5% (no visible Q2 dependence)!
➥ agrees with result for gA in previous calculation

        underestimates by # 10% - 40% depending on momentum transfer
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(e.g. PACS coll.)



Results!
for t = 2 fm

◆

◆
◆

◆

◆

◆
◆

◆

◆

◆

◆
◆

◆
◆

◆

◆

◆

◆
◆

◆
◆

◆ ◆ ◆ ◆ ◆

�������� �������� �������� �������� ��������

! ������

! ������

! ������

! ������

������

������

Q2
n/GeV2

Gplat
A (Q2, t = 2fm)

GA (Q2)
! 1

Gplat
P (Q2, t = 2fm)

GP (Q2)
� 1

        overestimates by #  5% (no visible Q2 dependence)!
➥ agrees with result for gA in previous calculation

        underestimates by # 10% - 40% depending on momentum transfer

Small FV effect for M! L ≧ 3 

M ! L = 4

M ! L = 3

M! L = 5

M ! L = 6

Gplat
A

Gplat
P

(e.g. PACS coll.)



        overestimates by #  5% (no visible Q2 dependence)!
➥ agrees with result for gA in previous calculation

        underestimates by # 10% - 40% depending on momentum transfer

Small FV effect for M! L ≧ 3 

Increasing t to 3 fm reduces N!  contribution roughly by a factor 1/2
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(e.g. PACS coll.)



Observation 1

For some momentum transfer the extraction of the eff. form factors

Rk (!q, t, t!) ! Ge!
A (Q2, t, t !) , Ge!

P (Q2, t, t !)

can be done in various ways.  

!qA =
2"
L

(1, 0, 1) !qB =
2"
L

(1, 1, 0) lead to the same Q2

Extract effective form factors using

Example:

R3(~qA , t, t
0) R3(!qB , t, t 0)

R1(!qA , t, t
!) R3(!qB , t, t 0)

R3(~qA , t, t
0)R1(!qA , t, t

!)

1.

2.

3.

The three choices give practically the same effective form factors !!
Deviations of O(10-4)



Observation 2

ChPT is expected to work better for             than for  !
(no tower of narrowly spaced N!  states)!
➥ result expected to be reliable for time separations much less than 2 fm  (?)

Excellent approximation:

Ge!
P (Q2, t, t !) = GP (Q2)

!
1 + ! GN !

P (Q2, t, t !)
"

Recall:

Observation:  The loop diagram contribution to             is tiny!
                               is dominated by one tree diagram!

�GN !
P

�GN !
P

Consequences

�GN !
A! GN⇡

P

Note:  Determined mainly by M"  and the source-sink separation t

! e! M !
t
2�GN ⇡

P (!q, t, t! = t/ 2) ! " exp

" E⇡,~q

t
2

�
cosh


!q2

2M N

t
2

�
!q ! 0



Results

Q2
n/GeV2

t = 3 fm
t = 2.5 fm
t = 2 fm

t = 1.5 fm
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! e! E ! , "q
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2N!  contribution for small Q2 is governed by 



Impact on lattice calculations of GP(Q2)

Data underestimate experimental results and pion pole dominance model

Recent preprint by PACS coll.
arXiv:1807.03974

a ! 0.085 fm

t ! 1.3 fm

M ! ! 146 MeV

M ! L ! 6

Q2[(GeV)2]

Gren
P (Q2)

exp. (muon capture)!

exp. ("  electroprod.)!

pion pole dominance model!

PACS data
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Impact on lattice calculations of GP(Q2)

Data underestimate experimental results and pion pole dominance model

Corrected data agree much better with pion pole dominance model!
To do: Check for various t, continuum limit, É

Recent preprint by PACS coll.
arXiv:1807.03974

a ! 0.085 fm

t ! 1.3 fm

M ! ! 146 MeV

M ! L ! 6

Q2[(GeV)2]

Gren
P (Q2)

exp. (muon capture)!

exp. ("  electroprod.)!

pion pole dominance model!

PACS data!

PACS data, N!  removed

Remove N!  contamination!
from the data by

GP (Q2) =
Gplat

P (Q2, t)
1 + ! app

P (Q2, t)
���� ���� ���� ���� ���� ����
�

��

���
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Summary and outlook

Presented here: LO ChPT results for the N!  excited-state contamination in the 
plateau estimates for the axial form factors of the nucleon

Overestimation for GA, ßat Q2 dependence

Underestimation for GP, strong Q2 dependence for low Q2!
➥ can qualitatively explain the distortion observed in lattice data for GP

Outlook: Analogous calculation for 

pseudo scalar form factor 

form factors for the vector current



Backup slides



Impact on lattice calculations of GP(Q2)

Recent preprint by PACS coll.
arXiv:1807.03974

a ! 0.085 fm

t ! 1.3 fm

M ! ! 146 MeV

M ! L ! 6

Q2[(GeV)2]

Gren
P (Q2)

Remove N!  contamination!
from the data by

GP (Q2) =
Gplat

P (Q2, t)
1 + ! app

P (Q2, t)
���� ���� ���� ���� ���� ����
�

��

���

��� exp. (muon capture)!

exp. ("  electroprod.)!

pion pole dominance model!

PACS data!

PACS data, N!  removed!

ppd model, N!  added!

pole ansatz (PACS)

Pole ansatz by PACS: 

GP (Q2) =
4M 2

N GA (Q2)
Q2 + M 2

pole

Fit to data:

M pole = 256(17) MeV



N!  contamination as a function of source-sink separation

! A (Q2
2, t, t !

= t/ 2), ! P (Q2
2, t, t !

= t/ 2)

��� ��� ��� ���

-���

-���

-���

���

���

t/ [fm]

FIG. 4: The deviations ! A (Q2
n , t) and ! P (Q2

n , t) for M ! L = 4 and nq = 2 as a function of the source

sink separation.

momentum transfer with nq = 2, both form factors with increasing number of momentum
states taken into account in the sum. Expectedly, the induced pseudo scalar form factor
shows no dependence on the bound, since it depends on the tree diagrams only. The axial
form factor, on the other hand, shows the typical increase of the N ! contribution for a rising
upper bound. It is also visible that the bound nmax = 5, is su! cient for capturing most
of the N ! contribution. In numbers: The deviation "A = 0.068 with np,max = 5 compared
to "A = 0.075 with nmax = 12 at t = 2 fm. Thus, the low momentum conribution (defined
as the one with np,max = 5) captures 90% of the full contribution (defined as the one with
np,max = 12. That is our justification for the choice for this bound also in making the figure
3.
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M⇡L = 4

nq = 2

np,max = 1 . . . 12

Òtower of N!  statesÓ

! P essentially independent of np,max!

Tree contribution dominates ! P



N!  contamination in the correlation functions

3-pt function:

2-pt function: analogously

Ratios: Rµ (!q, t, t!) = ! µ (!q)

!

1 + Zµ (!q, t, t!) +
1
2

Y(!q, t, t!)

"

C3,µ (!q, t, t!) = CN
3,µ (!q, t, t!) + CN !

3,µ (!q, t, t!)

= CN
3,µ (!q, t, t!)

!
1 + Zµ (!q, t, t!)

"

computable in ChPT

from 2-pt functions



N!  contamination in the correlation functions

Zµ (!q, t, t!) = aµ (!q)e" ! E (0 ,!q)( t " t ! ) + ÷aµ (!q)e" ! E ( !q," !q) t !

+
!

!p

bµ (!q,!p)e" ! E (0 ,!p)( t " t ! ) + ÷bµ (!q,!p)e" ! E (q,!p) t !

+
!

!p

cµ (!q,!p)e" ! E (0 ,!p)( t " t ! ) e" ! E ( !q,!p) t !

tree diagrams

loop diagrams

! E(0, !q) = E! ,"q + EN,q ! M N

! E(0, !p) = E! ,"p + EN,p ! M N

! E(!q,! !q) = E! ,"q + M ! EN,q

Energy gaps:

Non-trivial results of the ChPT calcultion:  The coefÞcients in Z#



N!  contamination in the correlation functions

Example: CoefÞcients ak from the tree-level diagrams

ak(~q) = a!
k (~q) +

E⇡,q

MN
acorr
k (~q) + O

✓
1

M2
N

◆

a!
k=1,2(!q) = !

1

2
a!

k=3(!q) =
1

2

q23
E 2

! ,q ! q23
NR Limit:

acorr
k=1 ,2(~q) = �1

4

!
M 2

!

E 2
! ,"q

� 1
gA

"

acorr
k=3 (~q) =

1
4

!
M 2

!

E 2
! ,"q

� 1
gA

"
q2

3

E 2
! ,q � q2

3

Correction:

Relevant result for approximate! GN !
P



ChPT:  Single nucleon contribution

a) b) c)

FIG. 1: Feynman diagrams for the leading single nucleon contribution in the 2-pt function (sub-

diagram a) and the 3-pt function (subdiagrams b) and c). Squares represent the nucleon operator

at times t and 0 and the diamond stands for the axial vector current at insertion time t!. The

circle represents a vertex insertion at an intermediate space time point. The solid (dashed) lines

represent a nucleon (pion) propagator.

In addition we always choose the third isospin component of the axial vector current,a = 3,
so the nucleon 3-pt function we consider is given by3

C3,A 3
µ
(!q, t, t!) =

!
d3x

!
d3y ei !q!y ! "# !N# (!x, t )A3

µ(!y, t!)N " (0, 0)" . (7)

With the 2-pt and 3-pt functions we deÞne the ratio

Rµ(!q, t, t!) =
C3,A 3

µ
(!q, t, t!)

C2(0, t)

"
C2(!q, t # t!)
C2(0, t # t!)

C2(!0, t)
C2(!q, t)

C2(!0, t!)
C2(!q, t!)

(8)

This ratio is deÞned in such a way that, in the asymptotic limitt, t ! $ % , it converges to
constant asymptotic valuesR0

µ(!q) that are related to the form factors according to

R0(!q, t, t!) $ R0
0(!q) =

q3#
2E!q(MN + EN, !q)

$
GA (Q2) +

MN # EN, !q

2MN
GP(Q2)

%
, (9)

Rk(!q, t, t!) $ R0
k(!q) =

i
#

2E!q(MN + EN, !q)

$
(MN + EN, !q)GA (Q2)"3k #

GP(Q2)
2MN

q3qk

%
.(10)

Here EN, !q denotes the nucleon energy with momentum!q.

III. THE RATIOS IN CHPT - SINGLE NUCLEON CONTRIBUTION

A. Basic deÞnitions

B. The single nucleon contribution

With the Feynman rules of the previous subsection we are in the position to compute
the 2-pt and 3-pt correlation functions and the ratios in ChPT. The dominant contribution
stem from the simple diagrams in Þg. 1. These diagrams provide the leading single-nucleon

3 I follow my old notation for the deÞnition of sink-time ( t) and operator insertion time (t!), which di ! ers

from the one in Ref. [1].

3

2-pt function 3-pt function

➡ GA (Q2) = gA GP (Q2) = 4 M 2
N

gA

Q2 + M 2
!


